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Background

Introduction

Source

@ Modeling the current through
nano-devices by Non-Equilibrium
Green’s Function approach

@ System of Schrédinger-Poisson
equations

@ Best known algorithm (RGF) has
running time O(n3ny)

@ Our method (FIND): O(n2ny)

@ Other devices: nanotubes and
nanowires

25 nm channel
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Background

The Math Problem

@ What we want: the
diagonal of G" = A~

@ What we have: a sparse
matrix A from a
discretized 2D mesh

n,=>5

4 x 5 mesh
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Serial FIND (Fast Inverse using Nested Dissection)

Key Observations

@ Last entry in A~' can be obtained through LU factorization:
(A_1)nf7 = (U_1)nn = (Unn)_1
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Serial FIND (Fast Inverse using Nested Dissection)

Key Observations

@ Last entry in A~' can be obtained through LU factorization:
(A_1)nf7 = (U_1)nn = (Unn)_1

@ Obtain all the diagonals through multiple factorizations

@ Local connectivity = problem decomposition: partial
factorizations feasible

@ Proper ordering makes most of them identical:
subproblems overlap = dynamic programming

@ Computational cost for all the diagonal entries of the
inverse is of the same order as a single LU factorization!
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Serial FIND (Fast Inverse using Nested Dissection)

Overall Structure: Partition Tree

@ Order the mesh nodes
in a way similar to
nested dissection

@ Partition the whole
mesh and form a tree
structure to exploit the
subproblem overlap
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Serial FIND (Fast Inverse using Nested Dissection)

One Step of Elimination

inner node
= @ Dbounary node
@ outer node
eliminated node

A(s,0) Afee) O L [Aee) Alee) 0
(A(.,) Alo,0) A(.,.)) e"mﬁ;‘“on( 0 A(e0) A(.,.))
0 A(e,0) A(e,0) 0 A(e,0) Ale0)

Gaussian elimination: A*(e,e) &' A(e,e) — A(e,0)A(s,#) A(s,e)

Song Li, Eric Darve Optimization and Parallelization of FIND Algorithm



Serial FIND (Fast Inverse using Nested Dissection)

Two Full Elimination Processes

inner node
bounary node
outer node
eliminated node
target node

@ Keep partitioning the mesh to get small clusters
@ Store results of each partial elimination
@ The partial results could be reused
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Extensions and Optimizations
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Serial FIND (Fast Inverse using Nested Dissection)

Extensions and Optimizations

[}
o X / X

X © X /

X X O X e

X X X O e

@ G< = A 'S A1 has similar sparsity pattern
so our method is applicable as well
@ Also for computing off-diagonal entries
@ Extra sparsity
o rewrite the one step elimination:
A(0,0) £ A(o,0) — A(0,0)A(s,0) ' A(s,0)
o these blocks are themselves sparse
@ Exploit to optimize!
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Serial FIND (Fast Inverse using Nested Dissection)

Extensions and Optimizations

[}
o X / X

X © X /

X X O X e

X X X O e

@ G< = A 'S A1 has similar sparsity pattern
so our method is applicable as well
@ Also for computing off-diagonal entries
@ Extra sparsity
o rewrite the one step elimination:
A(0,0) £ A(o,0) — A(0,0)A(s,0) ' A(s,0)
o these blocks are themselves sparse
@ Exploit to optimize!

@ The elimination preserves symmetry and
this further reduces cost
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Simulation Results

Simulation Device

S/D Length Channel Length S/D Length

¥

I Gate Length |
Iz ||

UIPIM Q7S

Song Li, Eric Darve Optimization and Parallelization of FIND Algorithm



Simulation Results

Running Time Comparison

Log-Log Scale with Reference Lines
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Simulation Results

Memory Cost Comparison

12000

10000+

8000

4000

Memory cost (MB)

2000+

Comparison of memory cost between FIND and RGF

6000+

—=— FIND (real measurement)
2 RGF (estimated lower bound)

L L L

1 2 3 4
N=N)(Ny (number of nodes in the mesh)

ric Darve

@ FIND: O(Nlog(N))
@ RGF: O(N®/2)
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Parallel Methods

How to Parallelize?

@ Straightforward for leaf clusters

@ Top level clusters dominate running
time with less degree of parallelism

@ Use the idle processors for redundant
computations

@ More floating point operations but
shorter wall clock time

@ Works for 1D, 2D, and 3D domains
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@ 16 processors, 16 clusters in 1D

Parallel Methods
Song Li, Eric Darve

LTI N T T]

RN TTTITITITTITITT]

00 >

(2]
(o)
g
=
O
w
S
o
(9}
9]
@
o
e}
S
o
©
C
©
£
O
e}
o
} -
o




=
=
IS
=)
<
[a]
Z
T
k]
=
i<l
©
N
°
©
o]
©
o
°
c
)
=
i<l
©
N
£
5
o

@ 16 processors, 16 clusters in 1D
@ One target cluster per processor
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@ One target cluster per processor

@ Keep merging all the other clusters
until we have them all merged as the
complement of the target cluster

@ 16 processors, 16 clusters in 1D

Parallel Methods
Song Li, Eric Darve

LTI N T T]

RN TTTITITITTITITT]

00 >

(2]
(o)
g
=
O
w
S
o
(9}
9]
@
o
e}
S
o
©
C
©
£
O
e}
o
} -
o




Parallel Methods

Problem and Processor Settings

Py [N

Pl % k \§ \§ \\Q \§ \§

12977/ N

Py 777z NN @ 16 processors, 16 clusters in 1D

Py 772 N
1 %7 7. Nt @ One target cluster per processor

hP 272 1 @ Keep merging all the other clusters

P; W % R\\\ NN NN

By 777777772777 N until we have them all merged as the

Py V A N\\\\ N
Py V/////////////////////////A complement of the target cluster

Pu
P
Py

Pulyzzz22 ZEN
Pis 7z
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Problem and Processor Settings

Py [N

Pl % k \§ \§ \\Q \§ \§

12977/ N

Py 777z NN @ 16 processors, 16 clusters in 1D

Py 772 N
1 %7 7. Nt @ One target cluster per processor

hP 272 1 @ Keep merging all the other clusters

P; W % R\\\ NN NN

Py until we have them all merged as the
P nmimn
Pl"o NN complement of the target cluster

2 @ Eliminate the merged complement

Puly N
P 1 7777772772772777277772 N\ .
Pe/ ZRN clusters and compute the inverse

Pulyzzz22 ZEN
Pis 7z
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complement of its target cluster with
respect to the current subdomain

@ Each processor keeps the
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Parallel Methods

Detailed Merging Process

RLESY T 111111111 @ Each processor keeps the

7 kNi} } } } } } } } } H complement of its target cluster with
R T ] respect to the current subdomain
P4HH/N\HH}H @ Start with subdomain of size 2
5 i § ¥

s (LT NZZ RNJITT T e Expandto subdomains of size 4
PRI 7ZZzZ [T 111111 .
BLIIIIII[I NN ][] @ Some processors are idle
RBITTITTTITZ N [ ]]

Po [ TTTTT 17 N 111

P [T TTT T Tz 1111

P [TTTTTTTTTTT RN

Py [TTTTTTTTTTZRN

Py TTTTTTTTTTTIZ2 N

Pl TTTTTTTTTTT 227
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Detailed Merging Process

RLESY T 111111111 @ Each processor keeps the
P7zzzZNL L LT 1111111 complement of its target cluster with
P, W'Aﬂ l } } } } } } } } } respect to the current subdomain
}}}} } { }/N\} } } } } } } @ Start with subdomain of size 2

5 T T

BLITINSSSITITTTT @ Expand to subdomains of size 4
Rz [TTT111] .
BLIIIIII[I NN ][] @ Some processors are idle

g"(}} } } } } } } } gﬂﬁﬁ } } } @ Use them to prepare for the next
Pu I TT T T 1Tz 1111 subdomain expansion

P [TTTTTTTTTTTRANY

Po[ TTTTTTTTTTIT AN

Py TTTTTTTTTTT RN

Ps[TTTTTTTTTTT
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Detailed Merging Process

@ Each processor keeps the

Py SN NEEEEEEN

PZ NN [ [ [ [[]] complement of its target cluster with
P, mGi& @ } } } } } } } respect to the current subdomain
P72 SN\ 111111 - i i

R 200 NN TTTTT @ Start with subdomain of size 2
?V %22 /1L T 11111 e Expand to subdomains of size 4
P;\ T e @ Some processors are idle
RITTITITITAN

Pl 111177 b @ Usethem to prepare for the next
Pul LT T T[T zzZ N subdomain expansion

Pol [T T T T T T 722 N

Py [T T T T 77z N

Py [ TTTTTTZ ZEN

Ps[ TTTTTTTP Z
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Parallel Methods

Detailed Merging Process

A E ST 111171 @ Each processor keeps the
2% N Y [ [ [ T[] complement of its target cluster with
P, VM%NN @ } respect to the current subdomain
Py 777222 N\ | i i i
N I Start with subdomain of SIZ.GQ

% N ITITITT e Expandtosubdomains of size 4

B[] N @ Some processors are idle
BLIIIIITIZN U

Pl 111177 b @ Usethem to prepare for the next
P11} } } } } } } } % 4ﬂk subdomain expansion

P NN

P T T T 1T 7277 &~ @ Until the subdomain is expanded to
Py LITTIIT 7 ZLX  the whole domain
Ps[TTTTTTTW® Z
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Detailed Merging Process

B[ E @ Each processor keeps the
? 7 km ST G complement of its target cluster with
P, %% N respect to the current subdomain

Py W% NQ N N N . . .
N A @ Start with subdomain of size 2
1137 7 NN @ Expand to subdomains of size 4
P 777772277227 NN .

197 7 M @ Some processors are idle

11;3) V/////////////////////ﬂ @ Use them to prepare for the next

Pu 7777777777777 NS subdomain expansion

Pul7 7NN . L
Pu 770777777777 e @ Until the subdomain is expanded to

Pul 2K the whole domain
Ps7 Z
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Parallel Methods

Detailed Merging Process

B[ E @ Each processor keeps the
? 7 km ST G complement of its target cluster with
P, %% N respect to the current subdomain

P 7777777 AN i i i
N @ Start with subdomain of size 2

1137 7 NN @ Expand to subdomains of size 4
P 777772277227 NN .
197 7 M @ Some processors are idle

7
11;3) /////////////////////ﬂ @ Use them to prepare for the next
Py subdomain expansion
Py NN . .
Pu 770777777777 e @ Until the subdomain is expanded to
Pul7 ZLX  the whole domain
P57 Z .

@ Additional speedup of factor 2
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Parallel Methods

Communication Pattern

(D
(1)
(III)
@
ELY ] -
¢ @& O & @
(V) Computation without communication
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Parallel Methods

Summary

e Direct method for fast inverse
e Two extensions, two optimizations
e An optimal parallel scheme

e Collaboration with other groups for more
applications
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